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Abstract
We extend the concept of apartness spaces to the concept of quasi-apartness spaces. We show that there is an adjunction between
the category of quasi-apartness spaces and the category of neighbourhood spaces, which indicates that quasi-apartness is a more
natural concept than apartness. We also show that there is an adjoint equivalence between the category of apartness spaces and the
category of Grayson’s separated spaces.
c© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
In 1967, Bishop [3] defined a neighbourhood space as a pair (X, τ ) consisting of a set X and a set τ of subsets of
X such that
NS1. ∀x ∈ X∃U ∈ τ (x ∈ U),
NS2. ∀x ∈ X∀U, V ∈ τ [x ∈ U ∩ V =⇒ ∃W ∈ τ (x ∈ W ⊂ U ∩ V )].
The set τ is an open base on X . The interior, S◦, of a subset S of X is {x ∈ S | ∃U ∈ τ (x ∈ U ⊂ S)}.
A subset S of X is open if S = S◦. Every metric space (X, d) induces a neighbourhood structure defined by
τ := {B(x, r) | x ∈ X ∧ r > 0}, where B(x, r) is the open ball {y ∈ X | d(x, y) < r} of radius r at x .
About thirty years later, Bridges and Vıˆt¸a˘ [5,6] proposed the theory of apartness spaces as an alternative approach
to topology from a constructive point of view. They require that the sets under consideration come equipped
with an inequality. An inequality = on a set X is a binary relation on X such that x = y =⇒ y = x and
x = y =⇒ ¬(x = y); it is nontrivial if there exist a, b ∈ X with a = b. For a subset S of a set X , the complement
of S, denoted by ∼ S, is the set {x ∈ X | ∀y ∈ S(x = y)}. A (point-set) apartness space, 〈X,−〉, is a set X with
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a nontrivial inequality =, and with an operation, −, on the subsets of X such that for all x, y ∈ X and for all sets
S, T ⊂ X ,
A1. x = y =⇒ x ∈ −{y},
A2. − S ⊂∼ S,
A3. − (S ∪ T ) = −S ∩ −T ,
A4. − S ⊂∼ T =⇒ − S ⊂ −T ,
A5. x ∈ −S =⇒ ∀y ∈ X (x = y ∨ y ∈ −S).
We say that − is an apartness on X . Every nontrivial metric space (X, d), in the sense that there exist a, b ∈ X with
d(a, b) > 0, has a nontrivial inequality = defined by x = y := d(x, y) > 0. The metric also induces an apartness
structure defined by −S := {x ∈ X | ∃r > 0∀y ∈ S(r ≤ d(x, y))}.
For a subset S of a set X , the logical complement of S, denoted by ¬S, is the set {x ∈ X | ¬(x ∈ S)}. For each
neighbourhood space (X, τ ), one can define an operation −τ on the subsets of X by taking −τ S to be (¬S)◦. The
following shows that, in general, this operation is not an apartness on X as it need not satisfy either A1 nor A5.
To see that −τ need not satisfy A1, let Σ := {0, 1} with 0 = 1 be the Sierpinski space whose open base is
σ := {{0},Σ } (this neighbourhood space is classically T0 but not T1). The operation −σ induced by σ does not
satisfy A1. Indeed, since 0 = 1, condition A1 would imply 1 ∈ −σ {0} = ∅, which is impossible. (Actually A1 forces
spaces to be T1 [10].)
To see that −τ need not satisfy A5, let δ be the discrete neighbourhood space on the set R of real numbers. (The
discrete neighbourhood space has the singleton subsets of R as an open base.) Clearly, the operation −δ induced by
δ is nothing but the logical complement: that is, −δ S = ¬S for all S ⊂ R. If A5 holds for this operation, and with
x = y := ¬(x = y), then we can derive the weak limited principle of omniscience (WLPO) [4]:
∀x ∈ R(x = 0 ∨ ¬(x = 0)).
To see this, set S := ¬{0}, for which 0 ∈ −S = −¬{0} = ¬¬{0}. For each x ∈ R, by A5, we either have x = 0 or
x ∈ −S: that is, either ¬(x = 0), or ¬¬(x = 0) which is equivalent to x = 0. Since it is doubtful that we can achieve
a constructive proof of WLPO, we cannot expect to find one of A5 for −δ .
Because of these examples we replace the notion of an apartness space by the notion of a quasi-apartness space
by dropping conditions A1 and A5 from the definition of an apartness space. We also drop the inequality. We show
that each neighbourhood space induces a quasi-apartness structure. We also show that for each quasi-apartness space
we can construct the weakest and also the strongest neighbourhood structures that induce the given quasi-apartness.
Based on these results, we construct an adjunction between the category of quasi-apartness spaces and the category of
neighbourhood spaces, and show that constructions of limits and colimits in the category of neighbourhood spaces can
be carried over to the category of quasi-apartness spaces. We also introduce the notion of a “decent open base” in a
neighbourhood space, which corresponds to the notion of “weak nested neighbourhoods” in apartness spaces [6]. We
construct an adjoint equivalence between the category of quasi-apartness spaces with the weak nested neighbourhoods
property and the category of neighbourhood spaces with decent open bases. Finally, we consider neighbourhood
spaces with inequality and Grayson’s separated space [8], and construct an adjoint equivalence between the category
of apartness spaces with the weak nested neighbourhoods property and the category of separated spaces with decent
open bases.
Although the results are presented in informal Bishop-style constructive mathematics, it is possible to formalize
them (except the results in category theory) in Aczel’s constructive Zermelo–Fraenkel set theory (CZF) [2] together
with the power set axiom. We do not use any choice axioms.
There are other constructive treatments of topology: see Grayson [8,9] for general topology, Sambin [18,19] for
formal topology in Martin-Lo¨f type theory [14], and Aczel [1] for topology in CZF. Palmgren and Schuster [16] deal
with relations between apartness and formal topology.
2. From neighbourhood to quasi-apartness
In this section, we deal with constructing quasi-apartness structures on neighbourhood spaces. Note that, since
the arguments in this section do not invoke the powerset axiom, we can construct a quasi-apartness structure on a
neighbourhood space in a predicative way.
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Richman [17] has shown that requiring an inequality on an apartness space is superfluous. Moreover neighbourhood
spaces do not come with an inequality, therefore we do not include an inequality in our definition of a quasi-apartness
space.
Definition 2.1. A quasi-apartness space, 〈X,−〉, is a set X with an operation, −, on the subsets of X such that for all
sets S, T ⊂ X ,
QA1. − ∅ = X ,
QA2. − S ⊂ ¬S,
QA3. − (S ∪ T ) = −S ∩ −T ,
QA4. − S ⊂ ¬T =⇒ − S ⊂ −T .
We say that − is a quasi-apartness on X .
Note that if S ⊂ T , then −T ⊂ −S by QA3. The axioms QA2, QA3 and QA4 correspond to the axioms C2, C3
and C4 in [17], respectively. The following proposition is a straightforward adaptation of the results in [17].
Proposition 2.2. Let 〈X,−〉 be an apartness space. Then it is a quasi-apartness space.
Proof. (QA1): Since the inequality on X is nontrivial, there exist a, b ∈ X such that a = b, and hence a ∈ −{b} by
A1. Let x ∈ X . Then a = x or x ∈ −{b} by A5, and hence x ∈ −{a} or x ∈ −{b} by A1. For each z ∈ X , since
∅ ⊂ {z}, we have −{z} ⊂ −∅ by A3. Therefore x ∈ −∅.
(QA2): It is trivial from −S ⊂∼ S ⊂ ¬S.
(QA3): Trivial.
(QA4): Suppose that −S ⊂ ¬T and x ∈ −S. Then for each y ∈ T , either x = y or y ∈ −S, by A5. Since
y ∈ −S ⊂ ¬T , the latter case is ruled out. Thus x ∈∼ T . Therefore −S ⊂∼ T , and so −S ⊂ −T by A4. 
Proposition 2.3. Let (X, τ ) be a neighbourhood space, and define an operation −τ on the subsets of X by letting
−τ S be (¬S)◦. Then 〈X,−τ 〉 is a quasi-apartness space.
Proof. (QA1): By NS1, for each x ∈ X there exists U ∈ τ such that x ∈ U ⊂ ¬∅. Hence −τ∅ = X .
(QA2): Trivial.
(QA3): Suppose that x ∈ −τ (S ∪ T ). Then there exists U ∈ τ such that x ∈ U ⊂ ¬(S ∪ T ) = ¬S ∩ ¬T , and
hence x ∈ U ⊂ ¬S and x ∈ U ⊂ ¬T . Therefore x ∈ −τ S ∩ −τ T . Conversely, suppose that x ∈ −τ S ∩ −τ T .
Then there exist U, V ∈ τ such that x ∈ U ⊂ ¬S and x ∈ V ⊂ ¬T , and hence there exists W ∈ τ such that
x ∈ W ∈ U ∩ V ⊂ ¬S ∩ ¬T = ¬(S ∪ T ), by NS2. Therefore x ∈ −τ (S ∪ T ).
(QA4): Suppose that −τ S ⊂ ¬T and x ∈ −τ S. Then there exists U ∈ τ such that x ∈ U ⊂ ¬S. Since y ∈ U ⊂ ¬S
for all y ∈ U , we have U ⊂ −τ S, and hence x ∈ U ⊂ ¬T . Therefore x ∈ −τ T . 
Lemma 2.4. Let 〈X,−〉 be a quasi-apartness. Then −¬ − S = −S.
Proof. Since S ⊂ ¬ − S, by QA2, we have −¬ − S ⊂ −S, by QA3. On the other hand, since −S ⊂ ¬¬ − S, we
have −S ⊂ −¬ − S, by QA4. 
Definition 2.5. Let − and −′ be two quasi-apartness operators on a set X . Then we say that − is weaker than −′ (or
−′ is stronger than −) and write −  −′ if
∀S ⊂ X (−S ⊂ −′S).
We say that − and −′ are equivalent and write −  −′ if −  −′ and −′  −.
Let τ and τ ′ be two open bases on a set X . Then we say that τ is weaker than τ ′ (or τ ′ is stronger than τ ) and write
τ  τ ′ if
∀x ∈ X∀U ∈ τ [x ∈ U =⇒ ∃V ∈ τ ′(x ∈ V ⊂ U)].
We say that τ and τ ′ are equivalent and write τ ≈ τ ′ if τ  τ ′ and τ ′  τ . Note that τ ≈ τ ′ if and only if τ and τ ′
give the same open sets.
Lemma 2.6. Let τ and τ ′ be open bases on a set X. If τ  τ ′, then −τ  −τ ′ .
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Proof. Suppose that τ  τ ′, and let x ∈ −τ S. Then there exists U ∈ τ such that x ∈ U ⊂ ¬S, and hence there exists
V ∈ τ ′ such that x ∈ V ⊂ U ⊂ ¬S. Therefore x ∈ −τ ′ S. 
Lemma 2.7. Let τ and τ ′ be open bases on a set X. Then −τ  −τ ′ if and only if for each U ∈ τ and x ∈ U there
exists V ∈ τ ′ such that x ∈ V ⊂ ¬¬U.
Proof. Suppose that −τ  −τ ′ . Then given U ∈ τ and x ∈ U , since U ⊂ ¬¬U , we have x ∈ U ⊂ −τ¬U ⊂ −τ ′¬U ,
and hence there exists V ∈ τ ′ such that x ∈ V ⊂ ¬¬U .
Conversely suppose that for each U ∈ τ and x ∈ U there exists V ∈ τ ′ such that x ∈ V ⊂ ¬¬U , and let x ∈ −τ S.
Then there exists U ∈ τ such that x ∈ U ⊂ ¬S, and hence there exists V ∈ τ ′ such that x ∈ V ⊂ ¬¬U . Therefore,
since U ⊂ ¬S implies ¬¬U ⊂ ¬S, we have x ∈ V ⊂ ¬¬U ⊂ ¬S, and so x ∈ −τ ′ S. 
Proposition 2.8. Let τ and τ ′ be open bases on a set X. If −τ  −τ ′ , then there exists an open base σ such that
τ  σ and −τ ′  −σ .
Proof. Suppose that −τ  −τ ′ , and let σ := {U ∩ V | U ∈ τ ∧ V ∈ τ ′}. Then it is straightforward to show that σ
is an open base, τ  σ , and τ ′  σ ; whence −τ ′  −σ , by Lemma 2.6. To show that −σ  −τ ′ , let x ∈ U ∩ V for
some U ∈ τ and V ∈ τ ′. Then by the hypothesis and Lemma 2.7, there exists W ∈ τ ′ such that x ∈ W ⊂ ¬¬U ,
and hence x ∈ W ∩ V ⊂ ¬¬U ∩ V ⊂ ¬¬U ∩ ¬¬V = ¬¬(U ∩ V ). Therefore there exists W ′ ∈ τ ′ such that
x ∈ W ′ ⊂ W ∩ V ⊂ ¬¬(U ∩ V ). Thus −τ ′  −σ , by Lemma 2.7. 
We next look at how continuity with respect to quasi-apartness spaces relates to continuity with respect to
neighbourhood spaces.
Definition 2.9. A function f between quasi-apartness spaces 〈X,−〉 and 〈Y,−′〉 is continuous if for all x ∈ X and
S ⊂ X ,
f (x) ∈ −′ f (S) =⇒ x ∈ −S.
A function f between neighbourhood spaces (X, τ ) and (Y, τ ′) is continuous if for all x ∈ X and V ∈ τ ′, we have
f (x) ∈ V =⇒ ∃U ∈ τ (x ∈ U ⊂ f −1(V )).
Theorem 2.10. Let f be a mapping between neighbourhood spaces (X, τ ) and (Y, τ ′). Then f : 〈X,−τ 〉 → 〈Y,−τ ′ 〉
is continuous if and only if there exists an open base σ with −τ  −σ such that f : (X, σ ) → (Y, τ ′) is continuous.
Proof. Suppose that f : (X, σ ) → (Y, τ ′) is continuous for some open base σ with −τ  −σ , and let
f (x) ∈ −τ ′ f (S). Then there exists U ∈ τ ′ such that f (x) ∈ U ⊂ ¬ f (S), and hence there exists V ∈ σ such that
x ∈ V ⊂ f −1(U). Therefore x ∈ V ⊂ f −1(U) ⊂ f −1(¬ f (S)) = ¬ f −1( f (S)) ⊂ ¬S, and so x ∈ −σ S = −τ S.
Conversely suppose that f : 〈X,−τ 〉 → 〈Y,−τ ′ 〉 is continuous, and let τ f := { f −1(U) | U ∈ τ ′}. Then τ f is an
open base on X . Note that if σ is an open base on X , then f : (X, σ ) → (Y, τ ′) is continuous if τ f  σ . To show
that −τ f  −τ , assume that x ∈ f −1(U) for some U ∈ τ ′. Then letting T := f −1(¬U), since f (T ) ⊂ ¬U , we
have f (x) ∈ U ⊂ ¬¬U ⊂ ¬ f (T ), and hence f (x) ∈ −τ ′ f (T ). Therefore x ∈ −τ T , and hence there exists V ∈ τ
such that x ∈ V ⊂ ¬T = ¬¬ f −1(U). Thus −τ f  −τ , by Lemma 2.7. Hence there exists an open base σ such that
τ f  σ and −τ  −σ , by Proposition 2.8. 
Corollary 2.11. If f : (X, τ ) → (Y, τ ′) is continuous, then f : 〈X,−τ 〉 → 〈Y,−τ ′ 〉 is continuous.
3. From quasi-apartness to neighbourhood
In this section, we show how each quasi-apartness space determines two neighbourhood structures on it: the
weakest and the strongest neighbourhood structures. We study the interplay between these neighbourhood structures.
Note that, since the arguments in this section invoke the powerset axiom whereas the arguments in Section 2 do not,
we use impredicative constructions to induce the neighbourhood structures on a quasi-apartness space whereas we
constructed the quasi-apartness structure on a neighbourhood space in a predicative way.
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Proposition 3.1. Let 〈X,−〉 be a quasi-apartness space, and let
τw− := {−S | S ⊂ X}.
Then (X, τw− ) is a neighbourhood space.
Proof. Straightforward. 
Proposition 3.2. Let − be a quasi-apartness on a set X. Then −  −τw− .
Proof. Suppose that x ∈ −S. Then x ∈ −S ⊂ ¬S and −S ∈ τw− , and hence x ∈ −τw− S. Therefore −  −τw− .
Conversely suppose that x ∈ −τw− S. Then there exists −T ∈ τw− such that x ∈ −T ⊂ ¬S, and hence
x ∈ −T ⊂ −S, by QA4. Therefore −τw−  −. 
Proposition 3.3. Let σ be an open base on a set X. Then τw−σ  σ .
Proof. Suppose that −σ S ∈ τw−σ and x ∈ −σ S. Then there exists U ∈ σ such that x ∈ U ⊂ ¬S, and therefore, since
U ⊂ −σ S, we have x ∈ U ⊂ −σ S. Thus τw−σ  σ . 
Proposition 3.4. Let (X, σ ) be a neighbourhood space. Then τw−σ ≈ {(¬¬U)◦ | U ∈ σ }.
Proof. It is easy to see that {(¬¬U)◦ | U ∈ σ } is an open base. Since (¬¬U)◦ = −σ¬U ∈ τw−σ , we have{(¬¬U)◦ | U ∈ σ }  τw−σ . Let −σ S ∈ τw−σ and x ∈ −σ S = (¬S)◦. Then there exists U ∈ σ such that x ∈ U ⊂ ¬S,
and hence x ∈ U ⊂ (¬¬U)◦ ⊂ ¬¬U ⊂ ¬S. Therefore x ∈ (¬¬U)◦ ⊂ −σ S. 
Corollary 3.5. Let (X, σ ) be a neighbourhood space. Then τw−σ ≈ σ if and only if
∀x ∈ X∀U ∈ σ [x ∈ U =⇒ ∃V ∈ σ(x ∈ V ∧ (¬¬V )◦ ⊂ U)].
Proof. Straightforward using Proposition 3.4. 
Proposition 3.6. Let 〈X,−〉 be a quasi-apartness space, and let
τ s− := {U ⊂ X | U ⊂ −¬U}.
Then τ s− is an open base on X.
Proof. (NS1): X ∈ τ s−, by QA1.
(NS2): Let U, V ∈ τ s−. Then, since
U ∩ V ⊂ −¬U ∩ −¬V = −(¬U ∪ ¬V ) ⊂ ¬(¬U ∪ ¬V )
= ¬¬U ∩ ¬¬V = ¬¬(U ∩ V ),
we have U ∩ V ⊂ −(¬U ∪ ¬V ) ⊂ −¬(U ∩ V ), by QA4, and hence U ∩ V ∈ τ s−. 
Proposition 3.7. Let − be a quasi-apartness on a set X. Then −  −τ s− .
Proof. Suppose that x ∈ −S. Then x ∈ −S ⊂ ¬S and −S ∈ τ s− as −S = −¬ − S, by Lemma 2.4, and hence
x ∈ −τ s− S. Therefore −  −τ s− .
Conversely suppose that x ∈ −τ s− S. Then there exists U ∈ τ s− such that x ∈ U ⊂ ¬S, and therefore, since S ⊂ ¬U ,
we have x ∈ U ⊂ −¬U ⊂ −S. Thus −τ s−  −. 
Proposition 3.8. Let σ be an open base on a set X. Then σ  τ s−σ .
Proof. Let U ∈ σ . Then, since U ⊂ ¬¬U , we have U ⊂ −σ¬U , and hence U ∈ τ s−σ . 
Proposition 3.9. Let (X, σ ) be a neighbourhood space. Then τ s−σ ≈ {S ⊂ X | S ⊂ (¬¬S)◦}.
Proof. It is easy to see that {S ⊂ X | S ⊂ (¬¬S)◦} is an open base. Since (¬¬S)◦ = −σ¬S, we have
{S ⊂ X | S ⊂ (¬¬S)◦} = τ s−σ . 
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Corollary 3.10. Let (X, σ ) be a neighbourhood space. Then σ ≈ τ s−σ if and only if S ⊂ X is open whenever
S ⊂ (¬¬S)◦.
Proof. Straightforward using Proposition 3.9. 
Proposition 3.11. Let σ be an open base on a set X. Then −  −σ if and only if τw−  σ  τ s−.
Proof. If −  −σ , then τw−σ = τw−  σ  τ s− = τ s−σ , by Propositions 3.3 and 3.8. Conversely if τw−  σ  τ s−, then−  −τw−  −σ  −τ s−  −, by Proposition 3.2, Lemma 2.6, and Proposition 3.7. 
Theorem 3.12. Let f be a function between quasi-apartness spaces 〈X,−〉 and 〈Y,−′〉. Then f : 〈X,−〉 → 〈Y,−′〉
is continuous if and only if f : (X, τ s−) → (Y, τ s−′ ) is continuous.
Proof. Suppose that f : 〈X,−〉 → 〈Y,−′〉 is continuous, and let f (x) ∈ U ∈ τ s−′ . For y ∈ f −1(U), let
T := f −1(¬U). Since f (T ) ⊂ ¬U , we have f (y) ∈ U ⊂ −′¬U ⊂ −′ f (T ), and hence y ∈ −T = −¬ f −1(U).
Thus x ∈ f −1(U) ⊂ −¬ f −1(U), and so f −1(U) ∈ τ s−.
Conversely suppose that f : (X, τ s−) → (Y, τ s−′ ) is continuous, and let f (x) ∈ −′ f (S). Then, since −′ f (S) =
−′¬ −′ f (S), we have −′ f (S) ∈ τ s−′ , and hence there exists U ∈ τ s− such that x ∈ U ⊂ f −1(−′ f (S)). Since
U ⊂ f −1(−′ f (S)) ⊂ f −1(¬ f (S)) = ¬ f −1( f (S)) ⊂ ¬S, we have S ⊂ ¬U , and hence x ∈ U ⊂ −¬U ⊂ −S. 
Let 〈X,−〉 be a quasi-apartness space, and let σ be an open base on X . Then, by Proposition 3.11, −  −σ
if and only if τw−  σ  τ s−. Classically, we have τw− ≈ τ s−: if U ∈ τ s−, then U ⊂ −¬U , and therefore, since
U ⊂ −¬U ⊂ ¬¬U = U by classical logic, we have U ∈ τw− . But the following example shows that we cannot prove
τw− ≈ τ s− constructively.
Let P(x) be a predicate on a set X , and define an equality = on X × {0, 1} by (x, 0) = (x, 1)⇐⇒ P(x) ∨ ¬P(x).
Then the open base σ := {{z} | z ∈ X × {0, 1}} induces a quasi-apartness −σ on X × {0, 1}. It is straightforward to
see that −σ S = ¬S and σ ≈ τ s−σ . Suppose that σ  τw−σ and let x ∈ X . Then, since (x, 0) ∈ {(x, 0)} ∈ σ , there
exists S ⊂ X × {0, 1} such that (x, 0) ∈ ¬S ⊂ {(x, 0)}, and therefore, since {(x, 0)} ⊂ ¬S, we have S ⊂ ¬{(x, 0)}.
Hence ¬¬{(x, 0)} ⊂ ¬S ⊂ {(x, 0)}. If (x, 1) ∈ ¬{(x, 0)}, then assuming P(x)∨¬P(x), we have (x, 1) ∈ {(x, 0)}, a
contradiction, and hence ¬(P(x) ∨ ¬P(x)), a contradiction again. Therefore (x, 1) ∈ ¬¬{(x, 0)} ⊂ {(x, 0)}, and so
P(x) ∨ ¬P(x). Thus ∀x ∈ X (P(x) ∨ ¬P(x)).
Moreover, taking X := NN and P(α) := ∃n ∈ N(α(n) = 0), if τw−σ ≈ τ s−σ , then we have the limited principle of
omniscience (LPO) [3]:
∀α ∈ NN[∃n ∈ N(α(n) = 0) ∨ ¬∃n ∈ N(α(n) = 0)].
Since both the arithmetical form of Church’s thesis (CT0) [20, 4.3] (assumed in constructive recursive mathematics)
and the schema of weak continuity for numbers (WC-N) [20, 4.6] (assumed in intuitionistic mathematics) refute LPO,
we have ¬(τw−σ ≈ τ s−σ ) with CT0 or WC-N. Therefore, in constructive recursive mathematics and in intuitionistic
mathematics, there exist open bases τw−σ and τ
s−σ with ¬(τw−σ ≈ τ s−σ ) that induce the same quasi-apartness −σ .
Moreover any other open base which induces the same quasi-apartness is in between these two.
4. The fundamental adjunction
An adjunction 〈F, G, η, ε〉 between categories C and D consists of functors F : C → D and G : D → C, and
natural transformations η : 1C → GF and ε : FG → 1D such that εF ◦ Fη = 1F and Gε ◦ ηG = 1G . The
functor F is the left-adjoint, and the functor G is the right-adjoint. The natural transformation η is the unit, and the
natural transformation ε is the counit. The adjunction 〈F, G, η, ε〉 is called an adjoint equivalence if both the unit η
and the counit ε are natural isomorphisms. For basic notions and results in category theory, we refer the reader to
[7,12,13,15].
Let Nbh denote the category of neighbourhood spaces with neighbourhood spaces as objects and continuous
functions as morphisms, and let Qap denote the category whose objects are quasi-apartness spaces and whose
morphisms are continuous functions.
Theorem 4.1. There exists an adjunction between Qap and Nbh whose unit is a natural isomorphism.
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Proof. Define a functor G from Nbh to Qap by G(X, τ ) := 〈X,−τ 〉 and G f := f . Then G is a faithful functor, by
Corollary 2.11. Similarly, define the functor Fs from Qap to Nbh by Fs〈X,−〉 := (X, τ s−) and Fs f := f . Then Fs is
a full and faithful functor, by Theorem 3.12.
Furthermore, using Propositions 3.7 and 3.8, we see that if we let η〈X,−〉 and ε(X,τ ) denote the identity map on the
set X , then η〈X,−〉 : 〈X,−〉 → 〈X,−τ s−〉 and ε(X,τ ) : (X, τ s−τ ) → (X, τ ) are morphisms in the category Qap and
Nbh, respectively. Hence η : 1Qap → GFs is a natural isomorphism and ε : Fs G → 1Nbh are natural transformations
satisfying εFs ◦ Fsη = 1Fs and Gε ◦ ηG = 1G . Hence 〈Fs , G, η, ε〉 forms an adjunction between Qap and Nbh. 
In Nbh, we can construct subspaces, products, quotient spaces, and coproducts (even in CZF and type theory [11]).
In the following, we will show, in a general setting, that these constructions, even limits and colimits, can be carried
over to quasi-apartness spaces by the adjunction.
Let I and C be categories. A cone of a functor H : I → C is an object L in C, together with a family of morphisms
φI : L → H (I ) for each object I in I, such that H (i) ◦ φI = φJ for each morphism i : I → J in I. A cone 〈L, φI 〉
of a functor H : I → C is a limit of H if for each cone 〈X, ψI 〉 of H there exists a unique morphism u : X → L such
that φI ◦ u = ψI for each object I in I. We say that C is complete with respect to I if every functor H : I → C has
a limit. A cocone of a functor H : I → C is an object L in C, together with a family of morphisms φI : H (I ) → L
for each object I in I, such that φJ ◦ H (i) = φI for each morphism i : I → J in I. A cocone 〈L, φI 〉 of a functor
H : I → C is a colimit of H if for each cocone 〈X, ψI 〉 of H there exists a unique morphism u : L → X such that
u ◦ φI = ψI for each object I in I. We say that C is cocomplete with respect to I if every functor H : I → C has a
colimit.
Let 〈F, G, η, ε〉 be an adjunction between categories C and D. Then the right adjoint G preserves limits in the
sense that if 〈L, φI 〉 is a limit of a functor H : I → D, then 〈GL, GφI 〉 is a limit of the functor G H : I → C.
If the unit η is a natural isomorphism, and D is complete with respect to a category I, then C is complete with respect
to I: In fact, for a given functor H : I → C, since the right adjoint G preserves a limit 〈L, φI 〉 of F H : I → D,
〈GL, GφI 〉 is a limit of GFH : I → C, and hence 〈GL, η−1H(I ) ◦ GφI 〉 is a limit of H .
The following theorem shows that cocompleteness of D with respect to I is also preserved into C.
Theorem 4.2. Let 〈F, G, η, ε〉 be an adjunction between categories C and D whose unit η is a natural isomorphism,
and let I be a category. If D is cocomplete with respect to I, then so is C.
Proof. (We can also prove the theorem, by applying the dual of [12, Exercise 7, VI.3] to the F-image of C which
is an equivalent category of C, and a full and coreflective subcategory of D.) Suppose that D is cocomplete with
respect to I, and let H : I → C be a functor. Then there exists a colimit 〈L, φI 〉 of the functor F H : I → D. Since
φJ ◦ F H (i) = φI for all i : I → J in I, we have
(GφJ ◦ ηH(J )) ◦ H (i) = GφJ ◦ GFH (i) ◦ ηH(I ) = G(φJ ◦ F H (i)) ◦ ηH(I )
= GφI ◦ ηH(I )
for all i : I → J in I, and hence 〈GL, GφI ◦ ηH(I )〉 is a cocone of H . We show that 〈GL, GφI ◦ ηH(I )〉 is a colimit
of H . Since 〈FGL, FGφI ◦ FηH(I )〉 is a cocone of F H , there exists a unique morphism u0 : L → FGL such that
u0 ◦ φI = FGφI ◦ FηH(I ) for each object I in I. Since
(εL ◦ u0) ◦ φI = εL ◦ FGφI ◦ FηH(I ) = φI ◦ εF H(I ) ◦ FηH(I ) = φI ◦ 1F H(I ) = φI
for all I in I and 〈L, φI 〉 is a colimit, we have
εL ◦ u0 = 1L .
Let 〈X, ψI 〉 be a cocone of H . Then, since 〈F X, FψI 〉 is a cocone of F H , there exists a unique u : L → F X such
that u ◦ φI = FψI for each object I in I. Let v := η−1X ◦ Gu : GL → X . Then, for each object I in I, we have
v ◦ (GφI ◦ ηH(I )) = η−1X ◦ Gu ◦ GφI ◦ ηH(I ) = η−1X ◦ G(u ◦ φI ) ◦ ηH(I )
= η−1X ◦ GFψI ◦ ηH(I ) = η−1X ◦ ηX ◦ ψI = ψI .
Assume that w : GL → X is a morphism such that w ◦ (GφI ◦ ηH(I )) = ψI for each object I in I. Then we have
(Fw ◦ u0) ◦ φI = Fw ◦ FGφI ◦ FηH(I ) = F(w ◦ (GφI ◦ ηH(I ))) = FψI
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for each object I in I, and hence
u = Fw ◦ u0.
Since GFw ◦ ηG L = ηX ◦ w = ηX ◦ w ◦ 1G L = ηX ◦ w ◦ GεL ◦ ηG L , we have GFw = ηX ◦ w ◦ GεL, and hence
v = η−1X ◦ Gu = η−1X ◦ GFw ◦ Gu0 = η−1X ◦ ηX ◦ w ◦ GεL ◦ Gu0
= w ◦ G(εL ◦ u0) = w ◦ G(1L) = w ◦ 1G L = w. 
5. Relations to other theories
5.1. Weak nested neighbourhoods property
The following notion of weak nested neighbourhoods was introduced in Bridges and Vıˆt¸a˘ for apartness spaces [6]
to establish connections between certain continuity properties.
Definition 5.1. A quasi-apartness space 〈X,−〉 has the weakly nested neighbourhoods property if for all x ∈ X and
S ⊂ X ,
WNN. x ∈ −S =⇒ ∃T ⊂ X (x ∈ −T ∧ ¬T ⊂ −S).
As we shall see, the corresponding notion in neighbourhood spaces is that of a decent open base. (Classically every
open base is decent.)
Definition 5.2. An open base τ on X is decent if
DOB. ∀x ∈ X∀U ∈ τ [x ∈ U =⇒ ∃V ∈ τ (x ∈ V ∧ ¬¬V ⊂ U)].
Proposition 5.3. Let τ be a decent open base on a set X. Then 〈X,−τ 〉 has the weakly nested neighbourhoods
property.
Proof. Let x ∈ −τ S. Then there exists U ∈ τ such that x ∈ U ⊂ ¬S, and hence there exists V ∈ τ such that
x ∈ V ∧ ¬¬V ⊂ U ⊂ ¬S. Therefore, letting T := ¬V , we have ¬T = ¬¬V ⊂ −τ S, and, since x ∈ V ⊂ −τ¬V ,
we have x ∈ −τ T . 
Proposition 5.4. Let σ be a decent open base on a set X. Then τw−σ ≈ σ .
Proof. By Corollary 3.5. 
Theorem 5.5. Let f be a function between neighbourhood spaces (X, τ ) and (Y, τ ′) such that τ ′ is decent. Then
f : (X, τ ) → (Y, τ ′) is continuous if and only if f : 〈X,−τ 〉 → 〈Y,−τ ′ 〉 is continuous.
Proof. The “only if part” is by Corollary 2.11. Suppose that f : 〈X,−τ 〉 → 〈Y,−τ ′ 〉 is continuous, and let
f (x) ∈ U ∈ τ ′. Then there exists V ∈ τ ′ such that f (x) ∈ V ∧ ¬¬V ⊂ U . Letting S := f −1(¬V ), we have
f (S) ⊂ ¬V , and so f (x) ∈ V ⊂ ¬¬V ⊂ ¬ f (S). Hence f (x) ∈ −τ ′ f (S), and therefore x ∈ −τ S. Thus there exists
W ∈ τ such that x ∈ W ⊂ ¬S = ¬ f −1(¬V ) = f −1(¬¬V ) ⊂ f −1(U). 
Proposition 5.6. Let 〈X,−〉 be a quasi-apartness space. Then 〈X,−〉 has the weakly nested neighbourhoods property
if and only if τw− is decent.
Proof. Suppose that 〈X,−〉 has the weakly nested neighbourhoods property, and let x ∈ −S ∈ τw− . Then there exists
−T ∈ τw− such that x ∈ −T ∧¬T ⊂ −S, and hence x ∈ −T ⊂ ¬¬−T ⊂ ¬¬¬T = ¬T ⊂ −S. Conversely, suppose
that τw− is decent, and let x ∈ −S. Then, since −S ∈ τw− , there exists −T ′ ∈ τw− such that x ∈ −T ′ ∧ ¬¬− T ′ ⊂ −S.
Let T := ¬−T ′. Then, since −T = −¬−T ′ = −T ′, by Lemma 2.4, we have x ∈ −T and ¬T = ¬¬−T ′ ⊂ −S. 
Theorem 5.7. Let f be a function between quasi-apartness spaces 〈X,−〉 and 〈Y,−′〉 such that 〈Y,−′〉 has the
weakly nested neighbourhoods property. Then f : 〈X,−〉 → 〈Y,−′〉 is continuous if and only if f : (X, τw− ) →
(Y, τw−′ ) is continuous.
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Proof. Since −  −τw− and −′  −τw−′ , we have f : 〈X,−〉 → 〈Y,−′〉 is continuous if and only if f : (X,−τw− ) →
(Y,−τw−′ ) is continuous. Also, since τw−′ is decent, by Proposition 5.6, we have f : (X,−τw− ) → (Y,−τw−′ ) is
continuous if and only if f : (X, τw− ) → (Y, τw−′ ) is continuous, by Theorem 5.5. 
Let Dob denote a full subcategory of Nbh comprising the objects with decent open bases, and let Wnn denote a
full subcategory of Qap comprising the objects that have the weak nested neighbourhoods property.
Theorem 5.8. There exists an adjoint equivalence between Wnn and Dob.
Proof. Define the functor G as before, and define the functor Fw from Wnn to Dob by Fw〈X,−〉 := (X, τw− ) and
Fw f := f . Then G and Fw are full and faithful functors, by Theorems 5.7 and 5.5.
Furthermore, using Propositions 3.2 and 5.4 we see that η : 1Wnn → GFw and ε : FwG → 1Dob defined by
the identity map as before are natural isomorphisms which satisfy εFw ◦ Fwη = 1Fw and Gε ◦ ηG = 1G . Hence
〈Fw, G, η, ε〉 forms an adjoint equivalence between Wnn and Dob. 
5.2. Spaces with inequality
Richman [17] showed that the inequality required in the definition of an apartness space is actually determined by
the point-set apartness on the set; so, it can be viewed as a derivable concept. But this is not the case for quasi-apartness
spaces: this can be seen by considering the quasi-apartness space induced from the neighbourhood space X := {0, 1}
with 0 = 1 and the open base τ := {X}. In this case the derivable inequality x =′ y := x ∈ −τ {y} ∨ y ∈ −τ {x}
satisfies ∀x, y ∈ X¬(x =′ y).
The following explains how inequality and quasi-apartness are related.
Definition 5.9. A weak apartness space 〈X,−, =〉 is a quasi-apartness space 〈X,−〉 with the inequality = satisfying
the axiom A2.
Note that A2 implies QA2 as we have seen in Proposition 2.2.
Definition 5.10. A neighbourhood space with an inequality = is a neighbourhood space (X, τ ) satisfying for all
x, y ∈ X ,
T−10 . ∃U ∈ τ [(x ∈ U ∧ y ∈ U) ∨ (x ∈ U ∧ y ∈ U)] =⇒ x = y.
Lemma 5.11. Let (X, τ ) be a neighbourhood space with an inequality =. Then x ∈ −τ S if and only if there exists
U ∈ τ such that x ∈ U ⊂∼ S.
Proof. The “if part” is trivial. Let x ∈ −τ S. Then there exists U ∈ τ such that x ∈ U ⊂ ¬S. Since S ⊂ ¬U , we have
z = y for all z ∈ U and y ∈ S, by T−10 , and hence x ∈ U ⊂∼ S. 
Proposition 5.12. Let (X, τ ) be a neighbourhood space with an inequality =. Then 〈X,−τ , =〉 is a weak apartness
space.
Proof. (A2): If x ∈ −τ S, then there exists U ∈ τ such that x ∈ U ⊂∼ S, by Lemma 5.11. 
Proposition 5.13. Let 〈X,−, =〉 be a weak apartness space. Then (X, τ s−) is a neighbourhood space with the
inequality =.
Proof. Suppose that there exists U ∈ τ s− such that x ∈ U ∧ y ∈ U or x ∈ U ∧ y ∈ U . Then, in the former case, we
have x ∈ U ⊂ −¬U ⊂∼ ¬U , by A2, and hence x = y. Similarly, in the latter case we have x = y. 
Corollary 5.14. Let 〈X,−, =〉 be a weak apartness space, and let τ be an open base on X with −  −τ . Then (X, τ )
is a neighbourhood space with the inequality =.
Proof. Suppose that there exists U ∈ τ such that x ∈ U ∧ y ∈ U or x ∈ U ∧ y ∈ U . Then, in the former case, since
τ  τ s−, by Proposition 3.11, there exists V ∈ τ s− such that x ∈ V ⊂ U , and hence y ∈ V . Therefore x = y, by
Proposition 5.13. In the latter case, by a similar argument, we have x = y. 
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Because of the above we feel that it is more natural to remove the requirement that the inequality be nontrivial in
the definition of an apartness space, and redefine it as follows.
Definition 5.15. An apartness space is a weak apartness space 〈X,−, =〉 satisfying the axioms A1 and A5.
The notion of separated space was introduced by Grayson [8, 3.2].
Definition 5.16. A separated space is a neighbourhood space (X, τ ) with an inequality = satisfying
SEP1. ∀x ∈ X (∼ {x} is open),
SEP2. ∀x ∈ X∀U ∈ τ [x ∈ U =⇒ ∀y ∈ X (x = y ∨ y ∈ U)].
Note that SEP2 implies T−10 [8, Proposition 3.2.1].
Proposition 5.17. Let (X, τ ) be a separated space with an inequality =. Then 〈X,−τ , =〉 is an apartness space.
Proof. (A1): Suppose that x = y. Then y ∈∼ {x}, and therefore, since ∼ {x} is open, by SEP1, there exists U ∈ τ
such that y ∈ U ⊂∼ {x}. Hence y ∈ −τ {x}, by Lemma 5.11.
(A5): Suppose that x ∈ −τ S. Then there exists U ∈ τ such that x ∈ U ⊂ ¬S, and hence for each y ∈ X either
x = y or y ∈ U , by SEP2. In the latter case, since U ⊂ −τ S, we have y ∈ −τ S. 
Proposition 5.18. Let 〈X,−, =〉 be an apartness space. Then (X, τw− ) is a separated space with the inequality =.
Proof. (SEP1): Suppose that y ∈∼ {x}. Then x = y, and hence y ∈ −{x} ⊂∼ {x}, by A1 and A2. Therefore ∼ {x}
is open in (X, τw− ).
(SEP2): Suppose that x ∈ −S ∈ τw− . Then for each y ∈ X either x = y or y ∈ −S, by A5. 
Theorem 5.19. There exists an adjoint equivalence between the full subcategory of the separated spaces with decent
open bases in Dob and the full subcategory of apartness spaces with the weak nested neighbourhoods property in
Wnn.
Proof. Propositions 5.17 and 5.18 show that G and Fw defined above are functors between the separated spaces with
decent open bases in Dob and the full subcategory of apartness spaces with the weak nested neighbourhoods property
in Wnn. 
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